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The results of experimental studies of the cyclotron masses associated with various orbits
on the Fermi surface of copper are analyzed in terms of an interpolation scheme based on
surfaces of constant energy that are constructed by the method of phase-shift analysis. Our
results confirm that it is possible to construct surfaces of constant energy that are entirely
consistent with experimental Fermi-surface and cyclotron-mass data. The variation of the
quasiparticle velocity over the Fermi surface is determined from the experimental cyclotron
masses. The anisotropy of the Fermi velocity is in excellent over-all agreement with the
results of a similar calculation by Halse, and with recent experimental measurements by
Doezema, Koch, and Strom. A comparison between the quasiparticle velocities and the ve-
locities computed from a one-electron potential that has been constructed to fit optical and
Fermi-surface data demonstrates that in copper the renormalization of the one-electron en-
ergy bands by the electron-phonon interaction varies significantly over the Fermi surface.
We find that, for electronic states on the belly, the anisotropy of the renormalization factor
is in good qualitative agreement with the predictions of a simple deformation-potential calcu-
lation, but that for states within a few degrees of the necks the deformation-potential approxi-
mation fails. Encouraged by the partial success of the deformation-potential calculation for
virtual electron-phonon processes, we apply similar techniques to discuss the real processes
that at low temperatures T contribute a (l/TS)—dependent term to the relaxation time for quasi-
particle excitations. We propose a model to describe the variation of the electron-phonon re-
laxation time over the belly, but conclude that a first-principles calculation may be needed to
investigate the relaxation time on the necks. At present there exist insufficient experimental
data to allow a convincing test of the accuracy of the model, but it seems likely that our em-
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pirical deformation potential will be of value in the analysis of such data when they become

available.

INTRODUCTION

The shape of the Fermi surface of copper is
known in greater detail than is that of any other
metal. Among recent experimental investigations’
are those of Jan and Templeton,* and of O’Sullivan
and Schirber,? who have measured the absolute
de Haas~-van Alphen frequencies, and the pressure
derivatives of frequency, for certain orbits on the
Fermi surface of copper. Their work is comple-
mented by that of Joseph, Thorsen, Gertner, and
Valby,® and of Ha.lse,4 who have measured the angu-
lar variations of the de Haas~van Alphen frequen-
cies in the (100) and (110) symmetry zones. The
experimental de Haas—van Alphen frequencies F
may be related to the corresponding extremal
cross-sectional areas A of the Fermi surface by
the equation

F=(nA/2me). (1)

Several authors have attempted to deduce the ra-
dial distortions of the Fermi surface from the ex-
perimental area data®®; their results show that the
Fermi surface bulges out along the (111) directions
to form necks on the surface of the first Brillouin
zone. If the lattice potential in copper were neg-
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ligible the Fermi surface would be spherical, since
for a monovalent fcc metal such as copper the
free-electron sphere lies entirely within the first
Brillouin zone. The relationship between the Fer-
mi-surface distortions found experimentally, and
the strength of the electron-ion interaction in cop-
per, has been investigated by the method of phase-
shift analysis.’ It was found that the necks are
caused by a strong d resonance in the electron-ion
interaction, which is related to the position of cop-
per close to the end of the 3d transition series in
the Periodic Table. From the phase-shift anal-
ysis, it proved possible to construct a nonlocal
effective potential for the electron-ion interaction
in copper, such that the shape of the computed
Fermi surface, and the band gaps corresponding
to certain optical transitions, are in satisfactory
agreement with experimental data.

The most complete experimental study of cyclo-
tron masses in copper is that of Koch, Stradling,
and Kip.® Their work was based on the technique
of Azbel’-Kaner cyclotron resonance. Cyclotron
masses have also been measured by Smith,” in the
course of cyclotron resonance studies, and by
Joseph, Thorsen, Gertner, and Valby® by the
de Haas-van Alphen technique. While the masses
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obtained from de Haas-van Alphen-effect data are
usually less accurate than those from cyclotron
resonance studies, the frequency of the de Haas~-
van Alphen oscillations helps one to relate the ob-
served masses to the corresponding orbits on the
Fermi surface. Furthermore, the phase of the
de Haas-van Alphen oscillations is relatively high,
and the experimental masses are therefore less
subject to error through mass spread. The over-
all agreement between masses obtained by the two
techniques suggests that earlier difficulties of
measurement® and intepretation® of the cyclotron
resonance data have now been largely overcome.

Doezema, Koch, and Strom!® have measured the
quasiparticle velocities at a few points on the Fer-
mi surface of copper, in the course of an investi-
gation of electron surface-state resonances. The
experimental data yield extremal values of the
quantity (K/V%), where K is the local radius of
curvature of the Fermi surface in the plane nor-
mal to the magnetic field, and Vj is the Fermi
velocity.!' Since the radius of curvature is known
from experimental Fermi-surface data, it is evi-
dently possible to determine the local value of the
Fermi velocity. Unfortunately, direct measure-
ment of the Fermi velocity by this technique is
possible only in symmetry directions. Elsewhere,
one can do little more than test the consistency of
a given model of the anisotropy of (K/V%), since
with present experimental techniques the location
of the extrema of this function on a belt around
the Fermi surface cannot be determined indepen-
dently.

Halse® has determined the anisotropy of the qua-
siparticle velocity over the Fermi surface of cop-
per in a rather less direct manner. He employed
the method described by Roaf® to construct an an-
alytic model of surfaces of constant energy in
wave-vector space. The electronic energy was
expressed as a Fourier series whose coefficients
were adjusted to fit the extremal cross-sectional
areas of certain orbits on the Fermi surface, as
determined from experimental de Haas—van Alphen
frequencies. The cyclotron mass of an orbit is
defined by m = (72/21)(9A/8E); it is proportional
to the rate of change of the area of the orbit in
wave-vector space with respect to energy. Halse
was able to construct a second surface of constant
energy, corresponding to an energy slightly
greater than the Fermi energy, such that the ex-
tremal area of a given orbit on this surface is
greater than that on the Fermi surface by an
amount proportional to the experimental cyclotron
mass. He found that the cyclotron-mass data
could be described consistently in this way; this
conclusion has been confirmed by recent work of
Dresselhaus.'? The Fermi velocity is defined by

Vp=(1/%)(9E/3k). Hence, the normal distance be-
tween the two adjacent surfaces of constant energy
is inversely proportional to the local value of the
Fermi velocity, and Halse was able to interpret
the cyclotron-mass data to yield the anisotropy of
the quasiparticle velocity over the Fermi surface.
In the present paper, we apply the method of
phase-shift analysis to investigate the dynamical
properties of quasiparticle excitations in metallic
copper. We begin by outlining the method of
phase-shift analysis, and the theory of the re-
normalization of one-electron properties of met-
als by the electron-electron and electron-phonon
interactions. We then apply the phase-shift meth-
od to construct surfaces of constant energy in
wave-vector space in order to interpolate the ex-
perimental cyclotron-mass data. From the inter-
polation scheme for the cyclotron masses we de-
termine the anisotropy of the Fermi velocity in
copper, and find results in good over-all agree-
ment with those of Halse. A comparison between
the quasiparticle velocities deduced in this way
and the band velocities computed from the non-
local one-electron potential discussed above, dem-
onstrates that in copper the renormalization of the
one-electron energy bands by the electron-phonon
interaction is significantly anisotropic. We find
that, except within a few degrees of the necks, the
anisotropy of the renormalization factor may be
described by a simple deformation potential anal-
ysis. We conclude by discussing the implications
of this result for the anisotropy of the tempera-
ture-dependent component of the relaxation time
that is associated with the scattering of quasi-
particle excitations by thermally excited phonons.

THEORY
A. Phase-Shift Analysis

A full discussion of the method of phase-shift
analysis as it is applied to study Fermi-surface
distortions may be found elsewhere.'* However,
it may be helpful to outline the main ideas. The
eigenfunctions of energy for an electron propagat-
ing in a lattice of scattering centers are solutions
of a self-consistent multiple-scattering problem
in which an incident wave is scattered by each lat-
tice site with s, p, d, etc., phase shifts, and the
scattered wavelets combine to reproduce the ini-
tial disturbance. If the lattice potential may be
neglected (i. e., if all phase shifts may be set equal
to zero), then evidently the solutions of the multi-
ple-scattering problem are plane waves. These
solutions correspond to the free-electron model
of electrons in metals. Since the system of free
electrons is isotropic, the Fermi surface must be
spherical.



252

In real metals, the Fermi surface is distorted
by the electron-ion interaction. It is convenient
to characterize this interaction by a short-range
potential of muffin-tin form, and to describe the
scattering of electrons by the lattice by a series
of energy-dependent phase shifts. It is not diffi-
cult to show that if a nonlocal (energy- and angu-
lar-momentum-dependent) potential is assumed,
the effects of exchange and correlation, as well
as certain relativistic effects, may be folded into
the phase shifts. When the electron-ion interac-
tion is taken into account, the self-consistent so-
lutions of the multiple-scattering problem are no
longer plane waves, but are complicated functions
of Bloch form. The dispersion relation for elec-
trons in a lattice of muffin-tin potentials was first
obtained by Slater.'* The electronic energy levels
E,,(K) associated with a given reduced wave vector
k are roots of the secular equation

det{[(&+E)? - E] 633 + Tgz (<, E, n,(E)}=0, (2)

where g, g’ are reciprocal-lattice vectors, and T’
is a function of the reduced phase shifts n,(E)
from which all integer multiples of 7 have been
subtracted. The explicit form of the function T’
has been discussed elsewhere.'®

If one knows the set of reduced phase shifts
1,(EF) appropriate to the Fermi energy, then the
shape of the Fermi surface may be computed by
plotting the roots of the secular equation (2) as
a function of the orientation of the wave vector K.
It follows that the shape of the Fermi surface is
fully determined by the set of scattering phase
shifts appropriate to the Fermi energy. If the
energy-dependent phase shifts n,(E) are known for
energies close to the Fermi energy, then not only
the shape of the Fermi surface, but also the form
of the energy bands close to the Fermi energy,
may be computed. Conversely, experimental in-
formation concerning the shapes of the Fermisur-
faces and the band structures of metals may be
interpreted to yield the phase shifts at the Fermi
energy and their energy dependences.

Such an analysis has been carried out for cop-
per.’ The s, p, d, and f phase shifts, and the
Fermi energy parameter E,, were adjusted to
bring the shape of a surface of constant energy
into agreement with experimental Fermi-surface
data.'® The radial distortions of the model sur-
face were in excellent agreement with the radial
distortions of the Fermi surface of copper ob-
tained by Halse by an independent technique.
Furthermore, the phase shifts deduced from the
experimental Fermi-surface data were found to be
in fair agreement with those deduced from the
semiempirical one-electron potential of Chodorow.!
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Since Chodorow’s potential was devised to fit spec-
troscopic data for the Cu* ion, and presumably in-
cludes the dominant effects of exchange and cor-
relation, it is perhaps not surprising that it proves
to be a good starting point for calculations of the
phase shifts. We found that first-principles cal-
culations of the phase shifts tend to be less accu-
rate, presumably because methods of computing
exchange and correlation corrections from first
principles are little understood.

It would be of interest if we could deduce the
form of the effective one-electron potential in cop-
per from the phase shifts associated with the elec-
tron-ion interaction. However, exchange and cor-
relation corrections are known to be energy and
angular-momentum dependent, so presumably the
best one-electron potential would also depend on
energy and angular momentum. Furthermore,
from the experimental data we may determine the
phase shifts at only one energy, the Fermi energy.
Evidently, we have not sufficient information to
construct a unique effective one-electron potential.
However, it is not difficult to construct a nonlocal
potential that is entirely consistent with the ex-
perimental Fermi-surface data, by adding a non-
local correction to any potential that is known to
give an approximate fit to the data. This proce-
dure may seem somewhat arbitrary, since by
starting with different local potentials it is, in
principle, possible to generate any number of dif-
ferent nonlocal potentials, each of which gives a
perfect fit to the experimental Fermi-surface data.
We may choose between these potentials by de-
manding that the final potential should be consis-
tent not only with experimental Fermi-surface
data, but also with the results of optical experi-
ments. Gerhardt!® has compared the energy gaps
computed from various one-electron potentials
that have been proposed for metallic copper, with
the results of experimental studies of the energies
associated with several interband transitions. Of
the potentials considered, that of Chodorow gave
optical band gaps in the closest agreement with the
experimental data. For this reason, we chose to
modify the Chodorow potential to fit the Fermi-
surface data. To the Chodorow potential, we
added an angular-momentum-dependent correction
that was taken to be a constant within each muffin-
tin sphere, and zero elsewhere. The correction
was adjusted to bring the phase shifts deduced
from the corrected potential into agreement with
those deduced from the experimental data; we
found that only a small correction (typically, 0.02
Ry)'® was necessary to achieve this. The nonlocal
Chodorow potential derived in this way implies
Fermi-surface distortions and optical energy gaps
that are in good agreement with the experimental
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data. In the present paper, we shall compute from
this potential the form of the energy bands of cop-
per close to the Fermi energy, in order to inves-
tigate the renormalization of the one-electron en-
ergy bands by the electron-phonon interaction.

B. Renormalization

The effect of a weak slowly varying perturbing
potential U (f) on an electron in a metallic lattice
may be described in terms of the equivalent Ham-
iltonian.?® The effect of the lattice potential is
taken into account implicitly; the kinetic-energy
operator E(- ﬁ) in the equivalent Hamiltonian is
derived from the form of the one-particle excita-
tion spectrum E(K). If the perturbing potential is
sufficiently slowly varying (an approximation that
is usually valid for electrons in metals) the tra-
jectories followed by wave-packet solutions of the
equivalent Schrdodinger equation are themselves
solutions of the classical equations of motion de-
rived from the Hamiltonian function [E(K)+ u()].
The classical equations of motion lead to an ex-
pression for the velocity of an electron of wave
vector k 24

V(&) =(1/n) vy ER) . (3)

In a magnetic field, the Lorentz force causes the
wave vector to describe an orbit on a surface of
constant energy. The frequency of rotation is
usually expressed in terms of the cyclotron mass
my, which, for an electron whose wave vector lies
on the Fermi surface, is given by%

n dk
=5 - 4
my 217 f Vl(k) ( )
orb
7% 0A
O M7 B ®

where V,(k) is the velocity component normal to,
and in the plane of, the orbit and A is the ex-
tremal cross-sectional area of the Fermi surface
in a plane normal to the direction of the magnetic
field.

Experimentally, one explores the dynamical
properties of quasiparticle excitations of the sys-
tem of interacting electrons in a metal, rather
than the dynamical properties of bare electrons.
For this reason it is not surprising that calcula-
tions based on (4) and (5), in which the excitation
spectrum is taken from a band-structure calcula-
tion based on a one-electron potential such as the
nonlocal Chodorow potential, fail to yield Fermi
velocities and cyclotron masses in agreement with
experimental data. In order to calculate the qua-
siparticle excitation spectrum E(E) % that is appro-
priate to velocity and cyclotron-mass calculations,
it is necessary to take many-body effects into ac-

count by evaluating the one-particle propagator
G(k, €) for the interacting system

Glk,e€)=[e -€"(k) -2 (k,e) - L; &eol*, (6

where €°(k) is the bare-electron energy as com-
puted from a one-electron potential and E(ﬁ,e) is
the proper self-energy, whose real part describes
processes of emission and absorption of virtual
photons and virtual phonons by the bare electron,
and whose imaginary part describes the decay of
quasiparticle excitations caused by electron-elec-
tron and electron-phonon interactions. We have
decomposed the proper self-energy into two terms,
one of which represents the contribution of the
electron-electron interaction, the other, that of
the electron-phonon interaction.

There is an important qualitative difference be-
tween the contributions of the electron-electron
and the electron-phonon interactions to the proper
self-energy. The electron-electron interaction
is known to contribute to a comparable extent to
the self-energies of all electonic states; thus, to
a large extent, its influence may be folded into a
semiempirical one-electron potential. The Cou-
lomb interaction is expected to influence the over-
all form of the energy bands, and since the non-
local Chodorow potential was found to predict band
gaps that are consistent with the results of optical
measurements of the energies associated with
several interband transitions, we believe that we
have succeeded in folding the dominant Coulomb
effects into this potential. As we remarked above,
it is perhaps not surprising that only small cor-
rections are needed to achieve this, since the
Chodorow potential was itself derived from spec-
troscopic data and presumably includes certain
effects of exchange and correlation. We there-
fore redefine €°(E) as the excitation spectrum com-
puted from a one-electron potential into which the
effects of exchange and correlation have been
folded to the greatest possible extent. In this
way, the dominant effects of the electron-electron
interaction are tx;ansferred from the proper self-
energy term 3, (k,€) to the one-particle excitation
spectrum €°(k).%*

The remaining term 3, (E,s) in the proper self-
energy arises from the electron-phonon interac-
tion. In contrast to the behavior of the Coulomb
interaction, the electron-phonon interaction con-
tributes significantly to the self-energies of only
those quasiparticles whose energies lie within
about £7wn,, of the Fermi energy, where wp,, is
the maximum phonon frequency.?® The electron-
phonon interaction modifies those properties of a
metal that depend on the derivative of the quasi-
particle excitation spectrum at the Fermi surface,
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but it does not affect significantly the form of en-
ergy bands that lie substantially above and below
the Fermi energy. In particular, Fermi veloci-
ties and cyclotron masses are strongly influenced
by the electron-phonon interaction, while this in-
teraction has little effect on the shapes of Fermi
surfaces or on the energies associated with inter-
band transitions in metals.

We now discuss briefly the renormalization of
the one-electron energy bands by the electron-
phonon interaction. We consider a quasiparticle
whose renormalized energy is e(k). The electron-
phonon contribution to the self-energy of such an
excitation in a normal metal at finite temperature
is given by the equation®
Z)(k €) Ef de’ [ 11 dw a?(k,w)Fy(w)

X{[N(w)+ f( = €N [(€"+ Tw+ €)™ = (' + Tiw—€)™]

+[Nw)+feN(-e'+Tw+ €)™ = (= €'+ Tiw - ™',

M
where @2 (K, w) is a measure of the strength of the
electron-phonon interaction, Fo(w) is the phonon
density of states, N(w) is the Bose-Einstein dis-
tribution function, and f(€) is the Fermi-Dirac dis-
tribution function. Equation (7) is the finite tem-
perature generalization of the gap equations of
Eliashberg, where since we are concerned with
normal metals we have set the gap parameter
equal to zero. If we neglect thermal phonons
[N(w)=0)] and evaluate the integral over €’ in the

limit of low excitation energy (€<<7w,,) and low
temperature (T-0), we find

Tk, )~ —en(k,0)
ep

where

(&, 0)= zzfmx kw)F(w . (8)

In the limit of large energy of excitation (€>> fiwp,,)

and low temperature, we find
(k€)= -k, «)
ep

where

Ak, ©)=0 . (9)

The quasiparticle excitation energies €(®) are poles
of the propagator

Gl €)= [ - '®) -2 (&)™
ep
The excitation spectrum is therefore

€®) = €°(®) - @K, €)
or e(&)=e€’®)/[1+r(K,¢€)].

Thus the spectrum of quasiparticle excitations is
renormalized by the electron-phonon interaction,
the extent of the renormalization being governed
by the dimensionless coupling parameter A(E,e).
The excitation spectrum for low-energy excitations
is therefore

€®) ~ °®)/[1+1(,0)] , (10)

whereas for excitation energies much larger than
the maximum phonon energy we find

e(®) ~ k) .
In this limit, the excitation spectrum is unaffected
by the electron-phonon interaction.

It is not difficult to show that at low tempera-
tures the Fermi velocity and the cyclotron mass
are renormalized by the factor [1+ A(E,O)]. If we
assume an excitation spectrum of the form (10) and
compute the Fermi velocity from Eq. (3), we find

V() = V°&)/[1+1(&,0)] , (11)

where we have neglected the k dependence of 7\(12, 0).
The velocity associated with quasiparticle excita-
tions on the Fermi surface is therefore equal to
the band velocity Vo(k) divided by an anisotropic
renormalization factor [1+X(k,0)]. Once the re-
normalized Fermi velocity is known at all points
around an orbit on the Fermi surface, the renor-
malized cyclotron mass for that orbit may be com-
puted from Eq. (4):

mp= $_{[1e2E 0]/ Vi) ak . (12)

In principle, the renormalization factor is given
by Eq. (8) only in the limit of zero temperature.
However, the work of Grimvall?’ suggests that we
are justified in neglecting temperature effects at
finite but sufficiently low temperatures.

We conclude that the renormalization of the dy-
namical properties of electrons on the Fermi sur-
face by the electron-phonon mteractmn is de-
scribed by the anisotropic factor [1+ x(k 0)], where
x(k 0) is defined by Eq. (8). The dimensionless
factor a (k w)Fy(w) in Eq. (8) describes the cou-
pling of an electron state k to all other states by
phonons of frequency w and polarization o. It is
defined by?®

2k, F (o) - s f BE M|

Xé(ﬁw—ﬁw’ﬁ_io'g) s (13)

where @ is the volume of the crystal and V3. is the
Fermi velocity. The integral dS,, is taken over
the Fermi surface, and the matrix elements of the
electron-phonon interaction are given by®®
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g
where g, (K, 1:’): [ ¥F B,y VO U dr (15)

is the matrix element for scattering between states
k and k’ by a single ion whose displacement is as-
sociated with the phonon mode of wave vector §
and polarization . Substituting (13) into (8), and
evaluating the integral over w, we find

. a0 5 (ds, |MEEN?
x(k,0>-(zw>3\‘;f e hopege OO

Thus, the factor that describes the renormalization
of the one-electron energy of a given state on the
Fermi surface by the electron-phonon interaction
may be expressed as an integral involving the
matrix elements coupling that state to all other
states on the Fermi surface. If the phonon spec-
trum and the matrix elements of the electron-pho-
non interaction are known, a first-principles cal-
culation of the renormalization of the one-electron
energy bands by the electron-phonon interaction
may be carried out. Conversely, we may hope to
learn something about the electron-phonon inter-
action in metals by studying the renormalization
of one-electron energies as revealed by experi-
mental studies of the cyclotron mass.

RESULTS
A. Cyclotron Masses

In Table I, we have collected the experimentally
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determined cyclotron masses associated with 14
different orbits on the Fermi surface of copper.
Most of the masses are taken from the work of
Koch, Stradling, and Kip,® but for the four-cor-
nered rosette orbit normal to (100) we have taken
the result of Joseph, Thorsen, Gertner, and
Valby,® since a preliminary analysis suggested
that the value quoted by Koch, Stradling, and Kip
may be inconsistent with the rest of their cyclo-
tron-mass data. ®® Along withthe experimental mas-
ses, we have tabulated the band masses computed
from the nonlocal Chodorow potential. 3! The ex-
tremal cross-sectional area of each orbit was com-
puted both on the Fermi surface and for energies
slightly above and below the Fermi energy, using
procedures of numerical integration that have been
described elsewhere. '* The band masses were de-
duced from Eq. (5); the masses derived from the
surfaces of constant energy above and below the
Fermi energy were averaged to eliminate any er-
rors due to curvature of the energy bands. The
magnitude of the energy increment (§ E = + 0. 000 046
Ry) was chosen to give computed masses to an ac-
curacy of about 0.2%; a larger energy increment
would give somewhat greater accuracy in calcula-
tions of the area differences (6A), but the com-
puted quantity (§A/8E) would then correspond less
exactly to the differential quantity (A /9E). Our
calculations show that, for each orbit, the experi-
mental cyclotron mass is significantly greater than
the band mass. It is convenient to define an or-
bital mass-enhancement factor

TABLE I. Experimental measurements and band calculations of the cyclotron masses associated with certain orbits
on the Fermi surface of copper. All orbit angles are measured from (100). The masses are expressed in units of the

free-electron mass.

Orbit Experimental mass Band mass Enhancement

my m(}, (1 +7\0)
Belly 0° in (110) (1.370+0.005) * 1.238(1.245) P (1.107+0.004)
Belly 8° in (110) (1.365+0.005) # 1.229 (1.111+0.004)

Belly 16° in (110)
Belly 24° in (110)
Belly 1 (111)

Four-rosette 1 (100)
Dog’s bone 1 (110)

Neck 30° in (110)
Neck 40° in (110)
Neck 50° in (110)
Neck 1 (111)

Neck 60° in (110)
Neck 70° in (110)
Neck 80° in (110)

(1.355+0.005) 2
(1.470 +0.020) *
(1.385+0.005) *

(1.33 +0.06) °
(1.290 £0.005) 4

(0.925+0.050) 2
(0.527+0.020) 2
(0.467 £0.020) *
(0.460 +0.020) *+ ¢
(0.468 £0.020) ®
(0.547 £0.020) 2
(0.926 +0.050) 2

1.223 (1,108 £0.004)
1.296 (1.134+0.016)
1.277(1.285) ® (1.085 +0,004)
1.183 (1,124 +£0.051)
1.126 (1.146 +0.004)
0.827 (1.11940.061)
0.448 (1.176 +0.044)
0.380 (1.229+0.052)
0.374(0.370) ® (1.230 £0.053)
0.383 (1.222+0.052)
0.452 (1.210 +0.044)
0.804 (1,152 +0.062)

2Reference 6.

*The band masses were computed from the nonlocal
Chodorow potential discussed in the text. For compar-
ison, certain band masses derived from the unmodified
Chodorow potential (Ref. 17) are included in parentheses.

°Reference 3.
dHere we have adopted Halse’s interpretation (Ref. 4)
of the data of Koch, Stradling, and Kip (Ref. 6).
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where my is the experimental cyclotron mass and
mf, is the band mass. Numerical values of the
orbital mass-enhancement factor are set out in
Table 1.

Our immediate aim is to make a weighted least-
squares fit to the cyclotron-mass data, in order
to interpolate the mass data and to determine the
variation of the quasiparticle velocity over the
Fermi surface. The problem is entirely one of
geometry, and rapid convergence of the calcula-
tions depends on one making an appropriate choice
of the parametrized description of the surfaces of
constant energy. For a metal whose Fermi sur-
face is highly convoluted, one might attempt to
make a least-squares fit to the cyclotron-mass
data by adjusting the phase shifts in the secular
determinant (2), but rapid convergence of the phase
shifts in [ is not assured, and since the relation-
ship between the band masses and the phase shifts
cannot be expressed analytically, the calculations
would be rather difficult to carry out.

For a metal whose Fermi surface is nearly
spherical, an alternative way of interpolating the
experimental cyclotron-mass data might be to ex-
pand the renormalization factor [1+ )\('12, 0)]ina
truncated series of cubic harmonics®

[1+2(,0]=1+2,a,K,0,¢) . (amn

Then, according to Eq. (12), the mass-enhance-
ment factor associated with a given orbit may be
expressed as a line integral of the renormaliza-
tion factor [1+ )\(k 0)] around the orbit

(1+>\0)=§ 1”(1‘0 dk/§ ~—= ik, (18)
orb

where V ;(’E ) is the component of the band velocity
normal to, and in the plane of, the orbit. The
coefficients @; in the cubic harmonic expansion of
the renormalization factor (17) may be adjusted,
by standard techniques of linear algebra, to
achieve a weighted least-squares fit to the orbital
mass-enhancement factor.

Such a procedure was carried out to fit the or-
bital mass-enhancement factors for copper (Table
I). The line integrals in (18) were evaluated nu-
merically, using an integration formula based on
straight-line segments:

dk = (k% + 12— 2k, k, cosH) 2

where k, and %, are the radii bounding the sector
whose vertex angle is . We found that adequate
accuracy was achieved by reducing the angular
interval in the integration formula to 1 deg of arc.
The quality of the least-squares fit to the orbital
mass-enhancement factors was estimated by eval-
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uating the expression
XZ:E[(ch_mHe)/Ue]z ’ (19)

where my, is the cyclotron mass computed from
the interpolation scheme, m, is the experimen-
tal value of the cyclotron mass for the same orbit,
o, is the standard deviation of the experimental
value of the mass, and the sum is taken over all
orbits. In general, the smaller the value of Xz’
the better is the fit to the experimental data.

From tables of the Xz distribution, one may esti-
mate the probability that an apparently good fit to
the data may, in fact, be without significance. The
¥® test indicated that our best fit to the orbital
mass-enhancement factors involved five cubic
harmonics, but that the probability that this fit is sig-
nificant is no greater than 90%. Presumably the
rapid angular variation of the renormalization
factor, particularly in the region of the necks, ac-
counts for the relatively poor convergence when
one tries to expand it in cubic harmonics.

This suggested a more accurate way of interpo-
lating the mass data. It seemed likely that if mod-
el surfaces of constant energy were constructed
to fit exactly the cyclotron-mass data for a few
orbits, then the correction factor by which the
model masses for the remaining orbits must be
multiplied to bring them into agreement with the
experimental masses would be a slowly varying
function of angle, and hence capable of expansion
in a rapidly convergent series of cubic harmonics.
The s-, p-, and d-phase shifts were adjusted to
construct surfaces of constant energy to fit the
cyclotron masses of the belly orbit normal to
(100, and of the neck and belly orbits normal to
(111).% A local correction factor [1+A(k)] was
defined by analogy with Eq. (11):

V&) =v?&)/[1+AE)] (20)

where V(&) is the quasiparticle velocity and V(&)
is the Fermi velocity computed from the phase-

shift model. An orbital correction factor appro-
priate to the phase-shift model was also defined,

(1+ Mg)=(my/mb)

where my is the experimental cyclotron mass,
and m% is the cyclotron mass computed from the
phase-shift model. According to the results set
out in Table II, the factor (1+ Ag) is very close to
unity for all orbits. Nevertheless, our results
suggest that this factor departs from unity in a
systematic way, and that its anisotropy should be
taken into account. We may expand [1+ A(K)] in
a series of cubic harmonics

[1+A0)] =1+ 23, 8K ,(0,¢) (21)
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The cyclotron masses for certain orbits on the Fermi surface of copper, as computed from the phase-

shift model, are interpolated by making a cubic harmonic fit to the correction factor (1+Agy). The masses derived from
this interpolation scheme are compared with the experimental masses. Angles are measured in degrees from (100).
Masses are expressed in units of the free-electron mass. m} is the phase-shift model mass, and my is the experi-
mental mass. The correction factor is defined by (L +Ag) = (my/mb).

Orbit Correction Interpolated
my (1+Ay) mass my

Belly 0° in (110) 1.373 0.998 1.372 (1.370+0.005)
Belly 8° in (110) 1.360 1.004 1.362 (1.365+0.005)
Belly 16° in (110) 1.348 1.005 1.357 (1.355+0.005)
Belly 24° in (110) 1.441 1.020 1.454 (1.470 +0.020)
Belly 1 (111) 1.386 1.000 1.386 (1.385+0.005)
Four-rosette 1 {100) 1.323 1.005 1.311 (1.33 +0.06)

Dog’s bone 1 {110) 1.283 1.006 1.290 (1.290 +£0.005)
Neck 30° in (110) 0.970 0.954 0.965 (0.925 +0.,050)
Neck 40° in (110) 0.545 0.966 0.542 (0.527 £0.020)
Neck 50° in (110) 0.467 1.000 0.467 (0.467 +0.020)
Neck 1 (111) 0.460 1.000 0.460 (0.460 +0.020)
Neck 60° in (110) 0.469 0.998 0.468 (0.468 +0.020)
Neck 70° in (110) 0.551 0.993 0.549 (0.547+0.020)
Neck 80° in (110) 0.943 0.982 0.938 (0.926 +0.050)

2The best fit to the data was obtained with a four-cubic harmonic expansion of the correction factor which, expressed
in the notation of Ref. 32, is (1+A()=1.005,K,+0.009 K,+0.000 Kz~ 0.033 K.

and express the orbital correction factor as a line
integral of the local correction factor

[1+A®K)] 1
(1+Ap)= f VR di%f — = dk . (22)
orb VL ) orb VL(E)

Again, techniques of linear algegra may be em-
ployed to adjust the coefficients B; to make a
weighted least-squares fit to the orbital correction
factors. The excellent convergence of this pro-
cedure is indicated in Table III. Our best fit to
the data was achieved with four cubic harmonics.
According to the x® test, the probability that this

TABLE III. Combined phase-shift and cubic harmonic
fits to the experimental cyclotron masses in copper.
N is the number of cubic harmonics included in the ex-
pansion of the orbital correction factor (1+4y). x°is
the statistical sum computed from Eq. (19). DF (de~
grees of freedom) is the excess of the number of data
points over the number of adjustable parameters. Prob.
is the percentage probability that the fit to the data is
significant. The best fit to the data is obtained with
four cubic harmonics; increasing the number of cubic
harmonics beyond four merely reproduces the noise in
the data with increased accuracy.

2

N X DF Prob.
1 9.39 13 74.2
2 7.17 12 84.4
3 5.92 11 88.0
4 2.49 10 99.1
5 2.46 9 98.0
6 2.33 8 97.0
7 2.32 7 94.1

fit to the data is significant is close to 99.1%. It
will be seen from the results in Table II that the
masses obtained by correcting the phase-shift
model masses with the interpolated factor (1+A)
agree well with the experimental data.

One might, of course, compute the cyclotron
masses of other orbits on the Fermi surface of
copper on this way. In the absence of experimen-
tal data against which to check the results, we did
not consider it worthwhile to undertake such cal-

culations. However, an experimental determina-
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FIG. 1. Angular variations of the Fermi velocity of
copper in the (100) and (110) zones. The full curve is
a plot of the quasiparticle velocity as deduced from ex-
perimental cyclotron-mass data in the course of the
present work, while the dotted curve represents the re-
sults of calculations by Halse. The broken curve repre-
sents the band velocity as computed from the nonlocal
Chodorow potential.
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TABLE IV. Anisotropy of the Fermi velocity and the
renormalization factor on the Fermi surface of copper.
The angle from (100) is expressed in deg. 6 is the an-
gle between the radius vector from the center of the
Brillouin zone to a point on the Fermi surface, and the
normal to the Fermi surface at that point. Cos#@ is tab-
ulated for reference only.

Angle cosf Ve * Vikn ® [1+AG,0)]¢
(100) zone

{100) 1.0000 0.853 0.704 1.211+0.014
5° 0.9840 0.868 0,730 1.189
10° 0.9683 0.877 0.753 1.165
15° 0.9709 0.864 0.762 1.134
20° 0.9805 0.835 0.749 1.114
25° 0.9900 0.803 0.734 1.094
30° 0.9958 0.775 0.722 1.072
35° 0.9987 0.753 0.714 1.055
40° 0.9998 0.739 0.708 1.042

(110) 1.0000 0.733 0.706 1.038+0.012

(110) zone

{100) 1.0000 0.853 0.704 1.211+0.014
5° 0.9831 0.870 0.729 1.193
10° 0.9722 0.879 0.757 1.161
15° 0.9762 0.875 0.768 1.140
20° 0.9907 0.861 0.761 1.131
25° 0.9996 0.849 0,752 1,130
30° 0.9951 0.840 0.742 1.132
35° 0.9707 0.819 0.718 1.141
40° 0.8999 0.754 0.645 1.169
41° 0.8729 0.728 0.618 1.177
42° 0.8314 0.693 0.584 1,188
43° 0.7622 0.650 0.542 1.200
44° 0.5970 0.630 0.520 1.212

neck s 0.503 0.413 1,219+0.012
66° 0.6943 0.628 0.527 1.192
67° 0.7890 0.668 0.569 1.175
68° 0.8412 0.702 0.605 1.161
70° 0.8962 0.744 0.655 1.135
75° 0.9579 0.768 0.705 1.088
80° 0.9830 0.755 0.713 1.059
85° 0.9959 0.740 0.710 1.043

(110) 1.0000 0.733 0.706 1.038+0.012

2Band velocity derived from nonlocal potential and
expressed in units of 1.5779X 10% cm/sec (free-electron
units).

bQuasiparticle velocity derived from best fit to ex-
perimental cyclotron-mass anisotropy and expressed in
free-electron units. .

®Renormalization factor defined by [1 +A(k,0)]
= [V(kp)/ V&P

tion of the cyclotron masses of central-belly or-
bits in planes normal to directions in the (100)
zone, and a redetermination of the cyclotron mass
associated with the four-cornered rosette orbit,
would provide a useful check on our interpolation
scheme.

B. Fermi Velocity

Once the best set of coefficients in the cubic
harmonic expansion of [1+A(k)] has been determ-
ined, one may calculate from Eq. (20) the quasi-
particle velocity at all points on the Fermi sur-
face. The quasiparticle velocity is plotted in Fig.
1 where, for directions lying in the (100) and (110)
zones, it is compared with the band velocity com-
puted from the nonlocal Chodorow potential. The
quasiparticle velocity, like the band velocity, is
markedly anisotropic, and decreases sharply close
to the necks. The anisotropy of the Fermi velocity
is set out numerically in Table IV.

In Table V, we compare our estimates of the
Fermi velocities in certain directions with velo-
cities obtained by Halse* by a Fourier series in-
version of experimental cyclotron masses, and
with velocities derived by Doezema, Koch, and
Strom®? from an analysis of electron surface-state
resonances. The velocities obtained by Halse in
the (100) and (110) symmetry zones are also super-
imposed upon the results of the present calcula-
tions displayed in Fig. 1. The two sets of velo-
cities are in excellent over-all agreement with
one another, although there is a slight discrepancy
close to the (100) direction. The present calcula-
tions involve a weighted least-squares fit to 14
cyclotron masses, whereas the earlier calculations
of Halse were based on an exact fit to five masses.
We believe that the slight discrepancies between
our results and those of Halse may reflect the
larger number of pieces of experimental data in -
cluded in the present calculations.

Our results for the Fermi velocities in the (100)
direction and on the neck are in good agreement
with those of Doezema, Koch, and Strom!’; our es-
timate of the anisotropy of the Fermi velocity in
the (100) and (110) zones, when combined with ex-
perimental information concerning the radius of
curvature of the Fermi surface, should provide a

TABLE V. Comparison of estimates of the quasiparticle velocities in copper. The velocities are expressed in units
of 1.5779%10% cm/sec (free-electron units).

Direction {100)

{110) Neck

Present work
Halse (Ref. 4)
Doezema et al. (Ref. 10)

(0.66 +0.03)

0.704+0.012)

(0.704+0,014)

(0,706 +0,009) (0.413 +0,006)
(0.70 +0.03) (0.41 +0.01)
ser (0.4125+0.004)
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FIG. 2. Angular variation of the factor that describes
the renormalization of the one-electron energy bands in
copper by the electron-phonon interaction. The full
curve and error bars represent the anisotropy of the
renormalization factor as determined in the course of
the present work; the broken curve is a plot of the angu-
lar variation of the square of the deformation potential
and has been scaled to fit the renormalization factor in
the (100) direction.

basis on which to interpret the electron surface-
states resonances observed in other than symmetry
directions,

C. Renormalization Factor

In the final column of Table IV, we have tabulated
the renormalization factor [1+ (K, 0)] which, by
Eq. (11), is equal to the ratio of the band velocity
computed from the nonlocal Chodorow potential, to
the quasiparticle velocity obtained by inverting the
experimental cyclotron-mass data. For reasons
discussed above, we believe that the dominant ef-
fects of the electron-electron interaction have been
folded into the potential; thus, the ratio of velocities
is a measure of the renormalization of the one-
electron energy bands by the electron-phonon inter-
action, The renormalization factor is plotted in
Fig. 2. It is markedly anisotropic; indeed our cal-
culations provide the first evidence for a system-
atic anisotropy of the renormalization of the one-
electron energy bands in copper by the electron-
phonon interaction.

Perhaps the most surprising feature of our re-
sults is that the renormalization factor varies sig-
nificantly over the belly region of the Fermi sur-
face; this is most evident if one compares the re-
normalization factors appropriate to the belly points
in the (100) and (110) directions. We have found
that the anisotropy of the renormalization factor
may be described qualitatively in terms of a simple
model of the electron-phonon interaction based on
deformation-potential theory. The matrix element
for scattering of an electron from an occupied state
k to an unoccupied state k’ by a phonon whose wave
vector is q and whose polarization is o is given by
Eq. (14), where®
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>

5,0 (6,5)= [ [6F; (§ 84, pprd®r . (23)

The tensor (G€3,,) represents the amplitude of the
strain field due to the phonon, and 8 E;(q&5,,) is
the change in the energy of an electron in state k
caused by the strain field, For long-wavelength
longitudinal phonons, the strain field may be ap-
proximated by a pure compression, and the scat-
tering matrix elements are then proportional to the
deformation potential, which is defined as the rate
of change of the energy of an electron state on the
Fermi surface with respect to dilatation, i.e.,

Eeer (K)=[6E; (8)/A] .

The deformation potential may be determined from
experimental measurements of the pressure depen-
dences of the extremal cross-sectional areas of the
Fermi surface. In Table VI, we have compiled the
results of experimental studies®'* of the pressure
dependences of the areas of several extremal orbits
on the Fermi surface of copper. We were able to
construct a phase-shift model to fit the area
changes,* and from this model we deduced the
pressure dependence of the Fermi wave vector at
each point on the Fermi surface. But the band ve-
locity is also known at each point on the Fermi sur-
face. From these two quantities the pressure de-
pendence of the energy of a state of given wave vec-
tor may be deduced, and the variation of the de-
formation potential over the Fermi surface may be
computed. Values of the deformation potential at
points in the (100) and (110) zones are set out in
Table VII,

By combining Eqs. (14), (16), and (23), one finds
that the renormalization factor at a point on the
Fermi surface may be expressed as an integral in-
volving the square of the deformation potential at
that point. In Fig. 2, we have superimposed the
angular variation of the square of the deformation

TABLE VI. Pressure derivatives of the extremal
cross-sectional areas of certain orbits on the Fermi
surface of copper. The orbits are labeled as in Ref. 5.
The absolute areas A; are estimated from data given by
Templeton (Ref. 35) and by O’Sullivan and Schirber
(Ref, 2), and are expressed in free-electron units (units
of 5.8363 479,

[107x (AA/A)/APIkg™! em?
Orbit A (Ref. 35) (Ref. 2) a

By, 0.9810 £0.0010 4,51£0.2  4.52
By 0.9504 +£0.0010  4.21+0.04 4.16+0.2 4.19
Ny 0.03558+0.00004 19.3 +0.8 17.6 +2.0 18.5
Dy 0.4112 £0.0004 3.92£0.2  3.77
Ry 0.4027 £0.0005 4,21£0.3  4.43

2Pressure derivatives computed from the phase-shift
fit to the experimental data. No attempt was made to
optimize the fit in a weighted least-squares sense.
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TABLE VII. Anisotropy of the dilatation component
of the deformation potential on the Fermi surface of

copper. The angle is measured from (100).
(100) zone (110) zone _
Angle Eges(k) Ry ? Angle Eges(k) Ry ?
{100) 0.4094 (100) 0.4094
5° 0.3850 5° 0.3871
10° 0.3427 10° 0.3441
15° 0.2987 15° 0.3085
20° 0.2638 20° 0.2867
25° 0.2369 25° 0.2771
30° 0.2169 30° 0.2784
35° 0.2023 35° 0.2852
40° 0.1933 40° 0.2858
(110} 0.1902 41° 0.2822
42° 0.2741
43 0.2587
44° 0.2298
45° 0.1517
neck 0.1325
65° 0.2004
66° 0.2395
67° 0.2557
68° 0.2625
70° 0.2629
75° 0.2386
80° 0.2127
85° 0.1966
(110) 0.1902

2In calculating the deformation potential, we have
assumed for the volume compressibility of copper the
value quoted by Templeton, namely, — (1/V)(dV/dP)
=6,907%x10"" kg~lem?. On the free-electron model the
deformation potential would of course be isotropic; its
numerical value would be Egq (k) = (2E%/3) ~0.345 Ry.

potential upon a plot of the renormalization factor.
The square of the deformation potential has been
scaled to fit the value of the renormalization factor
in the (100) direction. It will be seen that the two
functions are in good qualitative agreement with one
another except within a few degrees of the necks.
Apparently the anisotropy of the matrix element of
the electron-phonon interaction determines the an-
isotropy of the renormalization factor [1+X (k, 0)]
on the belly of the Fermi surface of copper; it
seems that other influences, such as the anisotropy
of the local density of states, may be of lesser im-
portance,

Within a few degrees of the necks the deforma-
tion-potential analysis underestimates the magni-
tude of the renormalization factor. This is per-
haps not surprising since the electron states on the
necks have p-like symmetry, and they may well
couple more strongly to phonons than do the s-like
states on the belly, Furthermore, one expects
transverse phonons to contribute significantly to
electron-phonon processes on strongly aspherical
regions of the Fermi surface, such as the necks in

copper, and our simple calculations based on the
dilatation component of the deformation potential
do not apply to such processes. A first-principles
calculation taking into account the complexities of
the phonon spectrum, the electronic structure, and
the electron-phonon interaction would be desirable,
both to explain why the deformation-potential anal-
ysis works so well on the belly, and to understand
in detail the processes that contribute to its failure
on the necks.

D. Electron-Phonon Relaxation Time

So far we have been concerned exclusively with
the contribution of the electron-phonon interaction
to the real part of the proper self-energy. This
term corresponds to the emission and absorption
of virtual phonons, and leads to a renormalization
of the one-electron energy bands. The imaginary
part of the proper self-energy corresponds to real
processes of phonon emission and absorption; such
processes result in the decay of quasiparticle ex-
citations in a manner that can be described approx-
imately by an amsotropm and temperature-depen-
dent relaxation time 7(k).

The inverse relaxation time [1/7(k)] for decay of
a quasiparticle in state Kk by real electron-phonon
processes may be expressed in terms of the matrix
elements of the electron-phonon interaction by the
integral”

dsg. (12 K2
T(k) 27)22/{ ﬁVk' smhh Wi . fc',c/kT) . (24)

By comparing Eqs. (16) and (24) one finds

[7/7(k)]= 21k TA, 0) if (BT > w,,,) .

Thus, in the high-temperature limit, the inverse
relaxation time is proportional to 7\(k 0), which is
the low-temperature limit of the renormalization
factor. However, at low temperatures the inverse
relaxation time given by Eq. (24) is proportional to
7%, and is no longer relatedinany simple way to
K, 0).

We have shown above that the anisotropy of the
renormalization factor is apparently dominated by
that of the matrix elements of the electron-phonon
interaction. In view of the similarity in structure
between Eqs. (16) and (24), it seems likely that the
anisotropy of [1/7(k)] is also dominated by that of
the matrix elements of the electron-phonon interac-
tion. Since at low temperatures the thermally ex-
cited phonons that cause quasiparticle scattering
are of predominantly long wavelength, one might
expect a deformation-potential calculation of the
matrix elements to describe with some accuracy
the variation of the phonon-induced relaxation time
over the Fermi surface. This leads to an estimate
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of the anisotropy of the relaxation time
7(k) «<[1/Eqo (R, (25)

where Ede,(T{) is taken from Table VII, and suggests
as an independent estimate of this quantity

(k) < [1/2(k, 0))% , (26)

where A(k, 0) is taken from Table IV,

In Fig. 3, we have plotted the anisotropy of the
relaxation time as deduced from Eqgs. (25) and (26).,
The accuracy of the determination of A( k,0) is
such that the relaxation time cannot be estimated
very accurately from the renormalization factor,
The results suggest that 7 (k) varies significantly
over the belly of the Fermi surface of copper, the
relaxation time at (110) being perhaps five times
greater than at (100) . The average of [1/7 (k)]
that describes the relaxation time for a quasiparti-
cle in a cyclotron orbit is given by

- f S/ f
— = /)] 4 dk (27)
TD orb V.L(k orb VJ_(k

and the relationship between (1/7,) and [1/7(k)]
parallels that between X, and A(k, 0).

The special features of the electron-phonon in-
teraction on the necks, that caused the deforma-
tion-potential calculation to underestimate the ex-
tent of the renormalization on this region of the
Fermi surface, apply also to real electron-phonon
processes, Furthermore, while the integrands in
Egs. (16) and (24) are similar in structure, the
exponential denominator in Eq. (24) weights small-
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FIG. 3. Estimates of the anisotropy of the (1/T3%)-
dependent component of the relaxation time for quasi-
particle excitations in copper. The full curve is a plot
of the relaxation time as computed from the deformation
potential, while the broken curve and associated error
bars represent the relaxation time as estimated from
the renormalization factor. For reasons discussed in
the text, we would not expect either of these approxima-
tions to describe accurately the variation of the relaxa-
tion time close to the necks. The points (added in proof)
represent experimental data of Koch and Doezema (Ref.
39).

angle processes (for which Zw;_g <kT) much more
strongly than does the linear denominator in Eq.
(16), and one might expect that the increased local
density of states on the necks in copper would play
a relatively greater role in enhancing the inverse
relaxation time than it does in enhancing the renor-
malization factor. Hence we have no reason to
assume that the inverse relaxation time on the
necks is proportional either to the square of the
deformation potential, or to the renormalization
factor, and a first-principles calculation would
probably be needed to investigate the anisotropy of
the relaxation time on this region of the Fermi
surface.

An experimental investigation of the anisotropy
of the temperature-dependent component of the
quasiparticle relaxation time in copper has been
carried out by Hiussler and Welles,*® who mea-
sured the damping of cyclotron resonance curves
corresponding to the (100) belly and the neck orbits,
and found that (75/7,)~ 10, with an estimated un-
certainty of a factor of 2, Results of an investiga-
tion by Koch and Doezema,* based on studies of the
damping of electron surface-state resonances, show
that the relaxation time increases away from the
(100) belly point in the (100) zone in a way that is
consistent with the results of the deformation-po-
tential calculation. However, their single mea-
surement in the (110) zone suggests that in this zone
the relaxation time decreases away from (100),
contrary to the prediction of the deformation-po-
tential calculation, The experimental data of Koch
and Doezema are superimposed on our theoretical
estimates of the anisotropy of the relaxation time
in Fig. 3.

Koch and Doezema find also that the ratio be-
tween the relaxation times at the (100) belly point
and on the necks is

(T (1005 /T (neciy ) #(3.0£0. 1), (28)

If we may assume that the deformation-potential
calculation describes correctly the anisotropy of
the relaxation time on the belly, then we can evalu-
ate the relaxation time for the (100) belly orbit by
numerical integration of Eq. (27). We find

(T5 /7 100y) 1,95 .

This result may be combined with the experimen-
tal result of Koch and Doezema [Eq. (28)] to give

(TB/TN)zS. 85 ,

which is consistent with the experimental result of
H#ussler and Welles. Thus the deformation-poten-
tial calculation of the relaxation time for states on
the belly of the Fermi surface of copper is general-
ly consistent with current experimental data.
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Nevertheless, further experimental work is
needed, both to test more critically the predicted
anisotropy of the relaxation time on the belly, and
to determine its variation on the necks.

CONCLUSIONS

In an earlier paper, the method of phase-shift
analysis was applied to interpret experimental da-
ta concerning the shape of the Fermi surface of cop-
per, and to construct a one-electron potential that
is consistent both with experimental Fermi-sur-
face data and with the energies of several inter-
band optical transitions. In the present paper, we
have extended the range of application of the phase-
shift method to explore certain of the dynamical
properties of quasiparticle excitations in copper.

We began by devising an interpolation scheme
for the experimental cyclotron-mass data. A mod-
el involving three adjustable phase shifts gave an
encouraging, if approximate, fit to the data, and a
cubic harmonic expansion of the residuals was
rapidly convergent. We found that the masses de-
rived from this interpolation scheme are entirely
consistent with the experimental cyclotron masses.
The variation of the quasiparticle velocity over the
Fermi surface was determined from the interpola-
tion scheme. Our results are in good over-all
agreement with Fermi velocities computed by
Halse in the course of an analysis of experimental
cyclotron-mass data by an independent technique.
There is a slight discrepancy between the two es-
timates of the Fermi velocity in the (100) direction,
but this may reflect only the greater number of
cyclotron masses that are taken into account in the
present calculations. Our results are in good
agreement with the experimental Fermi velocities
in the (100) direction, and on the neck, as deter-
mined by Doezema, Koch, and Strom.

Our results show that the renormalization of the
one-electron energy bands by the electron-phonon
interaction varies significantly over the Fermi
surface. We found that for states on the belly the
anisotropy of the renormalization factor is in good
qualitative agreement with the predictions of a
simple deformation-potential calculation, but that
for states on the necks the deformation-potential
calculation underestimates the extent of the re-
normalization. This partial success of the defor-
mation-potential calculation encouraged us to apply
similar techniques to discuss the anisotropy of
that component of the quasiparticle relaxation
time which is associated with the electron-phonon
interaction. We proposed a model to describe the

variation of the electron-phonon relaxation time
over the belly, but in view of the complexity of the
electron-phonon interaction on the necks, we con-
cluded that a first-principles calculation would
probably be needed to extend the model into that
region of the Fermi surface. There are at pres-
ent few experimental data concerning the anisotropy
of the electron-phonon relaxation time in copper,
but our empirical deformation potential may assist
in the interpretation of such data when they become
available.

We chose copper as the subject of this investi-
gation largely because the electronic properties
of copper have been studied in greater detail, both
experimentally and theoretically, than have those
of any other metal. In part, this is a consequence
of the favorable metallurgical properties of cop-
per, and of the relative simplicity of its Fermi
surface. But the electronic properties of copper
are of special interest because copper may be re-
regarded as the simplest of the 34 transition met-
als. Its Fermi surface, although derived from
s-p-like energy bands, is strongly perturbed by
d-like bands that lie just below the Fermi energy.
Our success in applying the phase-shift method to
investigate the dynamical properties of quasipar-
ticle excitations in copper suggests that this meth-
od may prove equally fruitful in investigations of
the corresponding properties both of simple met-
als, for which it is rivaled by pseudopotential
techniques, and of transition metals, for which
alternative techniques of analysis have yet to be
developed.
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